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Abstract
At present one can not find a single counterexample to even a simplest version of Frobenius pri-
mality test. The assessment of probability of the mistake, presented in [3] is strongly overestimated.
In the present paper, the properties of simple divisors of FPP-numbers are proved (Theorems 2.1,
2.7). The lower bound for FPP are given in the proposition (3.1).
1 Introduction
The most powerful elementary probabilistic method for primality test is the Frobenius test [1, 2, 3].
Frobenius pseudoprimes are the natural numbers for which this test fails. There are several slightly
different definitions of Frobenius pseudoprimes (FPP), which are almost equivalent. The one that we
use in the present paper is the following.
Definition 1.1. Frobenius pseudoprime (FPP) is a composite odd integer n such that it is not a perfect
square provided
(1 +
√
c)n ≡ (1−√c) mod n ,
where c is the smallest odd prime number with the Jacobi symbol J(c/n) = −1.
Example 1.2. Let n = 7. Then J(3/n) = −1, c = 3 and (1 +
√
3)n = 568 + 328
√
3 ≡ 1−
√
3 mod n.
This means that 7 is a Frobenius prime, and not a FPP.
Definition 1.3. Frobenius pseudoprime FPP(a, b, c) with parameters (a, b, c) is a composite odd integer
n such that it is not a perfect square provided
(a+ b
√
c)n ≡ (a− b√c) mod n , (1)
where a, b, c are co-prime with n, c is free of squares and J(c/n) = −1.
Remark 1.4. Condition (1) can be re-written as follows:
(a+ b
√
c)n+1 ≡ (a2 − b2c) mod n .
Remark 1.5. If n is an FPP(a, b, c), then n is a pseudo-prime with the base N(z) = (a2 − b2c) mod n.
Some improvements of the Frobenius test are suggested in [3, 4]. They are aimed to lessen the
percentage of errors, that is the number of the corresponding FPP. However, there are no known
examples of FPP numbers that fail even the initial version of the Frobenius test.
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Remark 1.6. We note that an example suggested in the book [1] does not work as an example of such
an FPP, at least for our definition of an FPP. Indeed, the suggested example is number 5777 = 53·109,
which is supposed to be an FPP with a = b = 1, c = 5. However,
(1 +
√
5)5778 ≡ 5342 + 0 ·
√
5 mod 5777 .
Thus, the irrational part of the number equals to 0, as it should be, while the rational one is not equal
1− 5 = −4.
Remark 1.7. In [3] an estimate for the probability of an error in the Frobenius test is obtained. Notice that
the “liars“ presented in Theorem 8 and Lemma 7 of this paper cannot serve as examples of FPP(a, b, c).
Given number n for which we use the Frobenius test, the “liars“ are defined as numbers of the form
z = a + b
√
c such that is zn = z. For example, for c = 3 and n = 5 · 7 · 17 one can find 200 “liars“.
However, among them there is no single “liar“ that has both of the corresponding a and b coprime with
n. In general, one can see that there are a lot of “liars“ that are not FPP, and therefore, the estimate
given in [3] may be improved.
In the present paper we show that there are no examples of FPP that are less than 260. The paper
is organized as follows. In Sec. 2 some FPP properties are proved. In Sec. 3 we use the obtained results
to conduct some numerical experiments. The results of the computations based on Theorem 2.1 are
stated in Proposition 3.1. Precisely, we obtain the lower bound for the product of all prime factors but
one for an FPP. The results of the computations based on Theorem 2.7 are stated in Proposition 3.2.
Theorem 2.7 states some properties of the prime factors with condition J(c/p) = +1. Proposition 3.2
states that all such factors are greater than 230. Our main result is Proposition 3.12, which states the
lower bound for an FPP.
2 Main results
Let c be a square-free integer and z = a + b
√
c ∈ Z[√c ]. We shall say that a = Rat(z) is the “rational
part”, and b
√
c = Irr(z) is the“irrational part“ of z. We shall say that integer N(z) = a2 − b2c is the
norm of z, and z = a− b√c is the conjugated to z number. Then N(z1z2) = N(z1)N(z2), N(z) = z · z.
Let p be an odd prime and c is not a square modulo p, i.e. J(c/p) = −1. Then ring Zp[
√
c ] is
isomorphic to Galois field GF (p2). If J(c/p) = +1, then there exist d ∈ Zp, d2 = c and there is an
isomorphism between Zp[
√
c ] and Zp × Zp,
Zp[
√
c ]→ Zp × Zp : a + b
√
c 7→ (a+ bd, a− bd) . (2)
By ord(z, k) we denote the order of z = a+ b
√
c in the multiplicative group Zk[
√
c ]∗.
The following statement (in a slightly different formulation) is proved in [3, 4].
Theorem 2.1. Let n be an FPP with parameters (a, b, c), n = pq, where p – prime, z = a+ b
√
c. Then
a) if J(c/p) = −1, then zq−1 ≡ 1 mod p.
b) if J(c/p) = +1, then zq+1 ≡ N(z) mod p.
Proof.
a) In this case the order of z ∈ Zp[
√
c ] is a divisor of p2 − 1, that is the order is co-prime with p.
Since zpq ≡ z mod n, then zpq ≡ z mod p and hence zp ≡ z mod p. Therefore, zpq ≡ zp mod p or
zp(q−1) ≡ 1 mod p. Since the order of z is co-prime with p, we conclude that zq−1 ≡ 1 mod p.
b) In this case zpq+1 ≡ N(z) mod n, and, therefore, zpq+1 ≡ N(z) mod p. Since J(c/p) = +1, we can
conclude that zp−1 ≡ 1 mod p. Hence, zpq+1 = z(p−1)q+q+1 ≡ zq+1 ≡ N(z) mod p.
Corollary 2.2. Let n be an FPP with parameters (a, b, c) and let n = pq, where p be a prime and
J(c/p) = −1. Then q is co-prime with ord(a + b√c, p).
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Corollary 2.3. Let z = a + b
√
c ∈ Z and zk = ak + bk
√
c. Let n be an FPP with parameters (a, b, c),
and n = pq, where p be a prime. Then
a) if J(c/p) = −1 (and J(c/q) = +1), then p is a prime factor of gcd(aq−1 − 1, bq−1).
b) if J(c/p) = +1 (and J(c/q) = −1), then p is a prime factor of gcd(aq+1 − (a2 − b2c), bq+1).
Example 2.4. Let q = 31, c = 5, then J(c/q) = +1 and
(1 +
√
c)q−1 = aq−1 + bq−1
√
c = 998847258034176+ 446698073620480
√
c.
Since gcd(aq−1 − 1, bq−1) = 104005, then p is a prime factor of 104005, that is p is one of the following
numbers: 5, 11, 31, 61.
Example 2.5. Let q = 37, c = 5, then J(c/q) = −1 and
(1 +
√
c)q+1 = aq+1 + bq+1
√
c = 12012687213792854016+ 5372237040496672768
√
c.
Since gcd(aq+1 − (1 − c), bq+1) = 148, then p is a prime factor of 148, that is p is one of the following
numbers: 2, 37.
Remark 2.6. Although numbers ak, bk grow fast, it appears that the corresponding gcds (from Corro-
lary 2.3) do not grow at as fast and can be factorized until the corresponding q is less then some hundreds
of thousands.
Theorem 2.7. Let n be an FPP with parameters (a, b, c), and p be a prime divisor of n and J(c/p) = +1.
Then
gcd(ord(w1w2, p), ord(w1/w2, p)) ≤ 2 , (3)
and
wq1 ≡ w2, wq2 ≡ w1 mod p (4)
where w1 = a + bd, w2 = a− bd ∈ Zp, d2 = c and q = n/p.
Proof. Since J(c/p) = +1, there exists such d ∈ Zp that d2 = c. According to Theorem 2.1, zq+1 ≡ N(z)
in the ring Zp[
√
c ], where z = a + b
√
c, q = n/p. Since N(z) = zz, we have that
zq ≡ z. (5)
Using isomorphism (2) we obtain (4), where w1 = a+bd, w2 = a−bd. If we denote γ = w1/w2, δ = w1w2,
then:
γq+1 ≡ 1, δq−1 ≡ 1 mod p. (6)
Therefore,
q ≡ −1 mod (ord(γ, p)), q ≡ 1 mod (ord(δ, p)) . (7)
Notice that equalities (7) can not be satisfied simultaneously in the case when ord(γ, p), ord(δ, p) has
common divisor greater than 2.
Primes p from Theorem 2.7 are very rare. For example, for z = 1+
√
3, the minimal p is greater then
P0 = 2·109. For z = 1+
√
5 there are only two primes p, p = 61681 and p = 363 101 449 that are smaller
than P0 and satisfy the conditions of Theorem 2.7. For z = 1 +
√
7 there are only two such primes p,
p = 31 and p = 3923. In general, even if we count for different c < 128 all those primes p 1 together,
then there are only 99 of those.
1That is all those p that satisfy p < P0 and the conditions of Theorem 2.7.
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Remark 2.8. Conditions (7) means
q ≡ q0 mod LCM(ord(γ, p), ord(δ, p)) (8)
for some q0. Since both γ, δ are the powers of w1, then the congruences (4) depends only on q
mod ord(w1, p).
Theorem 2.9. Let n be an FPP with parameters (a, b, c), p be a prime divisor of n, n = psq, s ≥ 1 and
J(c/p) = −1. Then
zp ≡ z mod ps.
Proof. If s = 0, as J(c/p) = −1, then zp ≡ z mod p. Now assume s > 1. Since zn ≡ z mod n, so
zn
2
−1 ≡ 1 mod n, that is ord(z, n) is the divider of n2− 1. Hence this order is coprime with n and, as a
result, with p. So ord(z, ps) is also coprime with p. On the other hand, ord(z, ps) = ord(z, p)pt for some
t ≥ 0. As ord(z, ps) coprime with p, we obtain:
ord(z, ps) = ord(z, p). (9)
From (9) follows that N(zp) ≡ 1 mod ps (⇒ N(zp+1) ≡ N(z)) and (z/z)p+1 ≡ 1 mod ps. Hence,
the number zp+1 have zero irrational part and the norm N(z)2. So
zp+1 ≡ ±N(z) mod ps.
As zp+1 ≡ N(z) mod p, so zp+1 ≡ N(z) mod ps. 
3 Numerical results
Proposition 3.1. Let n be an FPP and p be a prime divisor. Then n/p > 217.
Proof. Direct computation, based on corollary 2.3. 
Proposition 3.2. Let p be a prime factor of some FPP with c < 128 and J(c/p) = +1. Then p > 230.
Proof. Direct computation, based on Theorem 2.7. 
Proposition 3.3. Let p be a prime factor of some FPP with c < 128 and J(c/p) = −1. Then
p > 1 663 000 000.
Proof. Direct computation, based on Theorem 2.9. 
Corollary 3.4. Let p be an FPP with multiple prime factor and c < 128. Then n > 260.
Proposition 3.5. Let n < 260 be and FPP with c < 128, p be its prime factor and J(c/p) = −1. Then
p can’t lie (be?) in the range of 46 000 < p < 230.
Proof. Theorem (2.1) shows that (1 +
√
c)q−1 ≡ 1 mod p, where q = n/p. That is q ≡ 1 mod r,
where r is an order of (1 +
√
c) in multiplicative group Zp[
√
c ]∗. As p · q < 260, that for all such pairs
(p, c) from these intervals one can test all possible values.
Proposition 3.6. Let n < 260 be an FPP with c < 128, p1 > p2 > 17 are two its prime divisors and
J(c/p1) = J(c/p2) = −1. Then p1 can’t lie (be?) in the range of 5419 < p1 < 46 000.
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Proof. Let n = p1p2q and z = 1 +
√
c. From theorem (2.1) in this case:
zp2q−1 ≡ 1 mod p1, zp1q−1 ≡ 1 mod p2,
or
p2q ≡ 1 mod r1, p1q ≡ 1 mod r2,
where ri – order of z in multiplicative group Zpi[
√
c ]∗, that is
q ≡ 1/p2 mod r1, q ≡ 1/p1 mod r2.
By Chinese remainder theorem both this congruences (if they are compatible) are equivalent to one:
q ≡ q0 mod lcm(r1, r2).
As p1p2q < 2
60, then for all triples (p1, p2, c) from this intervals we can check all possible values of q. 
Corollary 3.7. Let n < 260 be an FPP with c < 128 and without divisors < 17. Then n have not
divisors in interval 5419 < p < 230.
The following statements are proved similarly.
Proposition 3.8. Let n < 260 be an FPP with c < 128 and p1 > p2 > p3 > 13 are a three prime factor
with J(c/p1) = J(c/p2) = J(c/p3) = −1. Then p1 can’t lie in the range 433 < p1 ≤ 5419.
Corollary 3.9. Let n < 260 be an FPP with c < 128 and without divisors< 17. Then n does not have
prime divisors p in interval 433 < p < 230.
Proposition 3.10. Let n < 260 be an FPP with c < 128 and p1 > p2 > p3 > 17 are three prime divisors,
J(c/p1) = J(c/p2) = J(c/p3) = −1. Then p1 does not be in interval 29 ≤ p1 ≤ 433.
Corollary 3.11. Let n < 260 be an FPP with c < 128 and without divisors < 17. Then n does not have
divisors less then 230.
And, at last, from here follows
Proposition 3.12. There are no FPP less then 260 with c < 128 and without divisors ≤ 17.
Conclusions
We remark that in our computations we assume that c < 128, which means that n has a quadratic
non-residue in the interval 2 . . . 127. Numbers n with c ≥ 128 occur with a very small probability,
roughly 2−32. One of the first numbers that our computations do not include is rather large number
n = 196 265 095 009 (prime) with c = 131.
This bound can be improved by some orders. Besides that an appropriate modification of these
algorithms would help to get rid from the restrictions on the parameter c, 128 in current paper.
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